We study the perturbation theory for the general non-integrable chiral Potts model depending on two chiral angles and a strength parameter and show how the analyticity of the ground state energy and correlation functions dramatically increases when the angles and the strength parameter satisfy the integrability condition. We further specialize to the superintegrable case and verify that a sum rule is obeyed.
Introduction
The connection between integrability and analyticity has been recognized and exploited for many years in the theory of solvable models in statistical mechanics and in particular in the method of solution based on the inversion relation [1] - [2] where assumptions on analyticity are a vital ingredient of the solution. Conversely, whenever an integrable model can be solved by other means the analyticity demanded by the inversion relation is always found to exist.
On the other hand these analyticity statements have never been made particularly precise and, indeed there are recent computations in certain four dimensional field theories [3] - [4] where results may be obtained because functions also have dramatically expanded analyticity properties over what is generically expected but no analogue of the two dimensional integrability conditions is known. Consequently it is of interest to sharpen our understanding of the connection between integrability and analyticity.
In this note we examine these questions for the N state chiral Potts spin chain defined The matrices X j , Z j are defined by 2) where I N is the N × N identity matrix, the elements of the N × N matrices X and Z are X l,m = δ l,m+1 (mod N ) , Z l,m = δ l,m ω l−1 (1.3) and ω = e 2πi/N . When the angles φ,φ, and the strength parameter k satisfy the condition cos φ = k cosφ (1.4) this spin chain Hamiltonian is derivable from the N state chiral Potts model whose transfer matrix T p,q satisfies the integrability condition of commuting transfer matrices [5] [T p,q , T p,q ′ ] = 0 (1.5) where p and q specify points on the Riemann surface given by the intersection of two Fermat cylinders [6] - [7] a N + kb
with k 2 + k ′2 = 1. The Hamiltonian (1.1) is obtained from T p,q in the limit q → p as [8] T p,q = I + u(H CP + const) + O(u 2 ) (1.7)
where u measures the deviation of q from p and
The free energy of the statistical mechanical system and the ground state energy of the spin chain have been computed in the general integrable case [9] and in the special superintegrable case of φ =φ = π/2 where there is a dramatic simplification [8] [10]- [11] . Our study here is to relate the general non-integrable case to the integrable and superintegrable cases.
For the non-integrable case the only analytic tool available is perturbation theory in the variable k. This expansion can be done both for k ∼ 0 and k ∼ ∞. In this paper we study only the first case and consider the expansion for the N state spin chain of the ground state energy and correlation functions. We observe that as the order increases, new singularities in the e iφ plane continually arise and we expect that the number of singularities will become infinite as the order goes to infinity. The integrability condition (1.4), however, involves k and causes extensive cancelations among orders. We find that all but a finite number of singularities, which are already present in the lowest orders, vanish resulting in a dramatic increase in analyticity. This increase in analyticity is intimately related to the integrability of the model.
In Section 2 we present the perturbation expansion of the ground state energy for general chiral angles φ andφ for N = 3-6 and then exhibit the increase in analyticity that occurs when the integrability condition (1.4) is imposed. In Section 3 the same procedure is applied to the correlation functions for N = 3. In addition, the perturbation expansion for the superintegrable correlation functions is given for arbitrary N . In Section 4 a sum rule for the nearest neighbor superintegrable correlation functions is derived and used to verify the expansion in Section 3. Also, a Fuchsian equation for the superintegrable ground state energy is derived. In Section 5 we conclude with some questions for further study and some general remarks on the connection between integrability and analyticity.
Perturbation Expansion of the Ground State Energy
In this section we consider the expansion for the N state chiral Potts spin chain with general chiral angles, φ andφ, of the ground state energy
We have implemented Rayleigh-Schroedinger perturbation theory [12] on the computer using a program written in C, Mathematica, Maple and Form and studied the following cases:
N =3 to order 9 N =4 to order 8 N =5 to order 5 N =6 to order 6.
Our results for these 4 cases are given in Tables 1-4 where we use the following notation
In the case of N = 3 there have been previous perturbation studies both for small [13] - [14] and large [14] - [16] k and Table 1 agrees with the small k results of [14] which were obtained to order 7. Many of the details of the perturbation expansion are discussed in these papers.
These tables demonstrate an important feature of the generic perturbation theory;
namely that as the order of perturbation theory increases so do the number of places in the e iφ plane where the perturbation expansion develops singularities. Thus, for example, we see from Table 1 that e
2 and e
3 are singular only when C 3 = 0 but that e
4 , e
5 , e (3) 6 , and e (3) 7 and have additional singularities at C 3 = ±1/2 and e Table 2 . Indeed this property of the number of singularities increasing with the order has been explicitly seen in a variety of previous perturbation computations including the Ising model in a magnetic field [1] and the zero field Ising magnetic susceptibility [17] . In the latter case is it well understood that the number of singularities is connected to the number of quasiparticles that contribute to the given order of perturbation theory [18] - [19] and that as the order of perturbation goes to infinity an infinite number of singularities will appear. It is this ever increasing number of singularities in the perturbation theory which in the case of the Ising model in a magnetic field restricts the analyticity to such an extent [1] that a closed form solution has never been found.
However there is a dramatic change in this pattern of singularities when the parameters φ,φ, and k are related by the integrability condition (1.4) . This is possible because this integrability condition (1.4) involves the perturbation parameter k and thus allows different orders of perturbation theory to be combined.
To appreciate the cancelations between the orders of perturbation theory that result we consider N = 3 in detail. It is easy to see when (1.4) holds that if we use
3 are combined as
which is the k 2 term on the integrable manifold as given in Table 5 .
A more important cancelation, however, takes place between the terms e
5 and e (3) 6 to give the k 4 term in Table 5 . Here the terms in cosφ in the k 5 terms and the terms in cos 2φ in the k 6 term which have the denominators ±1 + 2C 3 combine with the terms in the k 4 term with the same denominators to cancel the denominators out completely.
In addition the terms with C by use of (2.3) and thus the complete k 4 term in Table 5 is obtained from three terms in Table 1 .
Similarly, the terms in e which have no factor of cosφ combine with the terms in e with cosφ, the terms in e 8 with cos 2φ and the terms in e with cos 3φ to cancel all denominators containing powers of ±1 + 2C 3 . Thus we obtain the term of order k 6 in Table 3 .
For N = 4 we find from Table 2 that the terms of orders 2, 3 and 4 are needed to get the k 2 term on the integrable manifold and that to get the k 4 term in the integrable case the terms in the generic case to order 8 are needed. In general to get the order k 2q term in the integrable case the terms to order N q of the generic case are needed. To show this we first note that e (N) is an even function ofφ. Secondly, the order r term in the generic case is a sum of terms of the form
where |0 0 is the ground state when k = 0. The product clearly vanishes if r l=1 n l is not an integer multiple of N . Thus the k r term can be written
where the sum over p is taken over p even if r is even and p odd if r is odd. When the integrability condition (1.4) is applied we obtain
which contains only even powers of k. Since the maximum allowed value for the n l in (2. The results of the specialization to the integrable manifold are given in Table 5 for the cases N = 3-6. Thus we see in the cases considered that all singularities have canceled out except certain of the original singularities in e
2 . Consequently the analyticity of the ground state energy has increased to the maximum extent possible. This remarkable extension in analyticity is a consequence of the defining commutation relation of integrability (1.5) and the relation (1.8) which the chiral angles have with the Riemann surface (1.6).
These integrable results are now easily specialized to the superintegrable case φ = π/2
and we obtain
which agrees with the previous computation of [10] . We note that in principle we should compare the integrable results of Table 5 with the exact result of [9] but no systematic expansion of the exact result seems to be in the literature.
Perturbation Expansion of the Correlation Functions
The cancelation of singularities and resulting expansion of analyticity seen in the ground state is, of, course, expected to occur in all the correlation functions as well.
However, the presentation of the results of the perturbation theory in the generic case is more cumbersome and consequently we will restrict ourselves here to illustrating the phenomena for the case N = 3.
The perturbation expansion of the correlation function Z 0 Z † r for generic values of φ andφ was studied in [13] - [14] to fourth order. In order to exhibit the desired cancelations of the poles at C 3 = ±1/2, which occurred in the ground state energy by combining the fourth, fifth and sixth orders, we must extend the computation of the correlation to sixth order also. This we have done and the results are given in Table 6 . The method of perturbation is discussed in some detail in [13] - [14] . The only additional remark we wish to make is that in contrast to more standard perturbation expansions we have been unable to find an efficient way to perform the subtraction of the disconnected diagrams to obtain a general formalism that deals only with order one objects in the L → ∞ limit and are forced to perform an explicit subtraction of L dependent terms. This seems to be a consequence of doing perturbation theory on a lattice with a variable that satisfies a cyclicity condition X N j = 1 and, because of the connection of the cyclicity condition with the fractional statistics of the model, it deserves further study.
To study the specialization of the generic result of Table 6 to the integrable case (1.4) we consider first the long range order term M 2 = lim r→∞ Z 0 Z † r which in the perturbation expansion is the coefficient of 1 − δ n,0 . From the second and third order terms it is easy to see that the cancelation of poles is more complete than in the ground state energy and that to second order on the integrable manifold we have the simplification to −2k 2 /9 where the dependence on the chiral angle φ has completely vanished and thus the order parameter on the integrable manifold is identical with the order parameter on the superintegrable special case. This complete cancelation occurs in all orders and is a well known consequence [20] - [21] of the integrability commutation relation (1.5). These perturbation computations for the long range order have been carried to high order in k for N = 3 in [21] - [22] and have been extended to arbitrary N in [10] . These expansions have lead to the remarkably simple conjecture for the general case that
To see the first dependence on the variable φ in the correlation function on the integrable manifold we must go to fourth order which is obtained from the fourth, fifth and sixth orders of of the generic result of Table 6 . (Note that to obtain the k 2q term in the integrable case we need terms up to k Nq in the generic case just as we did for the ground state energy.) In fourth order the only deviation of Z 0 Z † r from M 2 1 occurs for r = 0, 1 and since the case r = 0 is trivial we consider only r = 1 and find that the poles at C 3 = ±1/2 cancel. Thus the result is obtained on the integrable manifold (1.4) of
This result is to be compared with the fourth order result on the superintegrable manifold which may be obtained for arbitrary N . From a straightforward perturbation expansion we may reduce the correlation to a set of trigonometric sums
The trigonometric sums have been evaluated in ref. [23] and thus the final result is
where 
Sum Rule for Superintegrable Correlation Functions
The superintegrable nearest neighbor correlation functions (Z 0 Z †
)
n obey a sum rule which provides a check of the perturbation expansion (3.4). Here we derive several forms for the sum rule.
We start by applying the Feynman-Hellmann formula [24] ∂e
to (1.1) to obtain
and the ground state energy per site of the N -state superintegrable chiral Potts chain is [8] 
With the aid of [25] (p. 102 (21))
(4.2) and (4.4) yield a sum rule
We may reexpress the sum rule in terms of the functions F ( n N , n N ; 1, k 2 ) and
by using the two identities
The first of these is just eq. (36), p. 113 of [25] with a = b. The second can be obtained
(eq. (37), p. 103 of [25] with a = 1 2 , c = 1 and z = 4k/(1 + k)
2 ) by using the first identity and eq. (33), p. 103 of [25] with a = b − 1, c = 1 and z = k 2 . The sum rule now becomes
The two sides of the sum rule are even functions of k. This is made manifest by adding (4.9) with n → N − n to itself and using eq. (2), p. 105 and eq. (31), p. 103
of [25] to obtain
(4.10)
Expanding the right hand side of (4.10) to fourth order and using (3.4) in the left hand side the k 4 term in the sum rule gives
This identity is a special case of the more general identity, which is independently proven
where
for any function Q(N, x) satisfying
We note that (4.12) is a member of a broader class of identities, described in Appendix B. 
Discussion
No finite order of perturbation theory can ever stand as the final solution of any problem. However, such perturbation studies often suggest many questions for further study and we conclude this note by discussing some questions raised by this present study.
First it must be noted that the powers of the poles at any particular location increase with the power of k. This is an indication that the location of the true singularity depends on k and it would be most desirable to find a perturbation theory directly for the location of the singularities.
In terms of extending our results we remark that while it may be cumbersome to extend the results for the non-integrable case it is clear that for the integrable and superintegrable cases a great deal more can be computed for the perturbation expansion of the correlation functions. It is to be hoped that further terms in these expansions will produce conjectures such as (3.1) for the full correlation functions.
Finally there is the question of whether or not the increased analyticity which results from the the cancelation of poles can be taken as a sufficient condition for integrability which can be considered as part of problem of the general relation between analyticity and integrability.
The construction of models which satisfy the definition of integrability (1.5) in terms of commuting transfer matrices can be viewed as essentially a problem in algebra. Indeed one of the major developments in algebra in the last 15 years is quantum groups which were invented specifically in order to find classes of solutions to (1.5). Analysis, on the other hand seems to have only a marginal relation to (1.5) and, in the larger scheme of mathematics, algebra and analysis are almost universally treated as separate disciplines.
A corresponding separation of disciplines has been traditional in physics where statistical mechanics has relied heavily on algebra while field theory has relied on analysis.
Thus, for example, while Onsager's solution of the Ising model [26] is totally algebraic the renormalization theory of quantum electrodynamics is almost exclusively concerned with subtractions of infinities in integrals and seems to be totally concerned with analysis.
Thus 50 years ago integrability (algebra) and analyticity (analysis) were seen to be totally separate. However, in the 50 years that have followed these two totally separate computations there has been a remarkable merging of field theory and statistical mechanics which can be viewed as either the introduction of algebra into field theory or the introduction of analysis into statistical mechanics. Thus, as an example, at the present day we have the isomorphism in two dimensions of solvable statistical mechanical models (solved by algebra) with conformal quantum field theory (where analysis appears in the very statement of the subject).
If we take this merging of analyticity and integrability seriously, however, then we are forced to conclude that the recent four dimensional studies on N = 2 Yang Mills theory [3] - [4] which have total reliance on analyticity properties should have an isomorphic counterpart whose solution relies on algebra. The discovery of such an algebraic counterpart (or the demonstration that it does not exist) to the work of [3] - [4] will constitute an important advance in our understanding of the relation of integrability and analyticity. To prove (4.12) we begin by using the symmetries of f (N, j, k) and the cotangent function to write
We recall that P (N, j, k) was defined by (4.14) in terms of a function Q(N, x) satisfying the symmetry property (4.15) and then write Q(N, x) so that the symmetry property automatically holds
where r(x) is an arbitrary function whose N dependence has been suppressed for brevity.
Using this definition we expand (A.1) as
which may be rewritten as
and
(A.7)
Here
The sum C(N, 0) may be rewritten as
which is recognized as the Dedekind sum [27] and hence
To evaluate C 1 (N, a) we first write
(A.11)
Then let ω = exp 2πi N and write the first summand as
(A.12)
The sum partially telescopes
(A. 13) It follows that
A parallel computation shows that The cotangents on the left hand side of (4.11) may be expanded in powers of ω = exp 2πi N but the roots of unity all cancel in the sum. We expect that similar cancelations will occur when the sum rule for the superintegrable correlation functions is applied to orders higher than four. Thus we have investigated the generalization of (4.11)
and where P (N, j, k) is a polynomial in N , j and k of total degree d. In the case where N is prime, the only way for the roots of unity to vanish is for the coefficients of ω, ω 2 , . . . , ω N−1 all to be equal. This implies a system of equations for P (N, j, k) which is overdetermined when N is sufficiently large. Remarkably, there are many solutions to this system and these solutions hold for all values of N tested. We conjecture that they are true for all N .
Up to the largest degree tested, d = 14, the number of solutions to the overdetermined system is equal to the number of solutions to
with f a positive integer and n a non-negative integer. Thus we make the further conjecture that there are infinitely many solutions which can be organized into families, f = 1, 2, 3, . . ., whose members, labeled by the index n, have degree given by (B.3). Although there is immense freedom in combining solutions, it has proven to be possible to write the solutions in such a form that general formulas, given below, can be guessed in the cases f = 1, 2.
The solutions, P f,n (N, j, k), that we have found for f = 3, 4 are shown in Table 8 and the corresponding sums, S f,n (N, j, k), are shown in Table 9 . The second family of solutions is given by
where, letting g(n) = 4 n+1 − 1,
e nh = 2 2n + 3 2h + 1
,
and where B n (x) and E n (x) are the Bernoulli and Euler polynomials. The sum in (B.4) may be performed using the identities [28] 
to obtain
This expression differs from (4.14) in that the Bernoulli polynomials cannot be replaced by arbitrary polynomials satisfying q(1 − x) = −q(x). A general form has not been found for the corresponding sums, S 2,n (N ). The first five are shown in Table 7 . Table 1 The first nine orders of perturbation in k for N = 3 for the ground state energy in the generic case. We use the variable C 3 = cos(φ/3). Table 2 The first eight orders of perturbation in k for N = 4 for the ground state energy in the generic case. We use the variable C 4 = √ 2 cos(φ/2). Table 4 The first 6 orders of perturbation in k for N = 6 for the ground state energy in the generic case. For the sixth order only the term proportional to cos 4φ is given. We use the variable C 6 = √ 3 cos(φ/3).
2 ) e Table 5 The results of specializing the generic results of the perturbation theory for the ground state energy for N = 3, 4, 5 and 6 to the integrable manifold (1.4) where cos φ = k cosφ. Table 6 The first six orders of perturbation theory in k for N = 3 for the correlation function Z 0 Z Table 7 The first five sums, S 2,n (N ), from (B.1) with P 2,n (N, j, k) given by (B.4). Table 8 The first three members of the third family and the first two members of the fourth family of solutions to (B.1) expressed in terms of the Bernoulli polynomials and using the notation J = j/N , K = k/N . Table 9 The sums (B.1) corresponding to the polynomials in Table 8 . 
